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Multi-Dimensional Joint Constellation and Precoding
Design for MIMO Systems
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Abstract—Digital modulation and precoding are two key mod-
ules for increasing the data rate and reducing the symbol
error rate in multiple-input multiple-output (MIMO) systems.
Traditionally, these two modules are designed separately, and
regular constellations like M-ary phase-shift keying (M-PSK) and
quadrature amplitude modulation (QAM) are used for modula-
tion. However, significant gains can be achieved if modulation
and precoding are designed jointly for all antennas. Motivated
by this, a multi-dimensional joint constellation and precoding
design is proposed to optimize the in-phase and quadrature
components for all sub-channels of a MIMO channel at once.
The objective is to maximize the minimum distance among the
symbols. Extensive simulation results indicate that this approach
can significantly improve the performance of the state-of-the-art
solutions by reducing the symbol error rate and bit error rate.

Index Terms—Constellation design, precoding, MIMO, symbol
error rate, bit error rate, Mahalanobis distance, autoencoder.

I. INTRODUCTION

D IGITAL modulation plays a crucial role in increasing
data rates and enhancing the spectral efficiency of dig-

ital communication systems. Classical schemes like M-ary
phase-shift keying (M-PSK) and quadrature amplitude mod-
ulation (QAM) are widely used in modern communications
systems. However, as shown in [1], these widely used mod-
ulation schemes are not optimal from a symbol error rate
(SER) perspective due to their regular in-phase and quadrature-
phase (I/Q) structure, especially for multi-input multi-output
(MIMO) systems because the loss is accumulated over all
antennas. In addition, the block-by-block modules are gen-
erally designed and optimized independently. It is, however,
known that a joint design can improve system performance [2].

Adaptive modulation with singular value decomposition
(SVD) precoding (A-SVD) is one approach for leveraging
joint modulation and precoding design [3], [4], [5]. In this
method, each sub-channel uses M-QAM but with possibly a
different number of bits (i.e., different M). The bit and power
allocation to sub-channels are jointly optimized to improve
the overall spectral efficiency. Despite large improvements
in the SER, this approach is sub-optimal for three reasons.
First, SVD and water-filling (WF) are designed for Gaussian
inputs and are sub-optimal with finite alphabet inputs. Second,
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regular M-QAM constellations inherently limit the constel-
lation shape. Moreover, M-QAM divides the MIMO system
into multiple two-dimensional (2D) spaces rather than jointly
utilizing it.

To overcome the first limitation, the precoder optimization
for finite-alphabet signals is proposed in [6], in which the
mutual information between a discrete-constellation input and
the corresponding output is maximized. However, this method
still cannot reach the SER lower bound of the MIMO chan-
nel, and the performance of [6] can be further improved if the
modulation is allowed to be redesigned. Recent research has
also focused on re-designing the constellation by laying out
symbols in a lattice space [7]. By jointly utilizing the antenna
index and I/Q signal dimensions, this method modulates trans-
mit bits into a set of lattice points which results in higher
spectral efficiency and lower SER. However, this method has
not fully used the MIMO multiplexing gain and the extension
of spatial modulation is not straightforward.

More recently, deep autoencoder (DAE) has gained atten-
tion as a novel constellation design approach. The idea behind
this approach is to jointly optimize all communication blocks
using a DAE [8], [9], [10]. This approach achieves lower
SERs than A-SVD under same constraints. The constellations
designed by DAE are irregular [9, Figure 5] and differ from
classical M-QAM and M-PSK. However, the symbols are not
always mutually exclusive in the constellation space. Besides,
it remains unknown whether DAE can reach the SER limits
of the channel.

Our proposed approach in this letter introduces a novel
method for the design of MIMO communication systems by
treating the MIMO system as a multi-dimensional space rather
than several individual 2D (I/Q) spaces. This allows for a
multi-dimensional joint precoding and constellation design,
which expands upon existing M-QAM-based solutions. Unlike
A-SVD and linear precoding of [6], our approach concurrently
designs a new constellation for all sub-channels, rather than for
each subchannel individually, and is not limited to traditional
constellations with regular grids. Because of this, our method
can considerably increase the reliability of MIMO commu-
nication systems, as demonstrated by simulation results that
show significant reduction in SER and bit error rate compared
to the state-of-the-art.

II. SYSTEM MODEL

Denote Nt and Nr antennas at the transmitter (Tx) and
receiver (Rx), respectively. The transmitted signal x ∈ C

Nt×1

and the received signal y ∈ C
Nr×1 are complex-valued vec-

tors. The channel between the Tx and Rx, H ∈ C
Nr×Nt , is
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Fig. 1. High-level system model of traditional and the proposed MIMO
transmitter.

assumed to be known perfectly at both Tx and Rx sides. The
received signal is given by

y = Hx+ n, (1)

in which n ∈ C
Nr×1 is an additive white Gaussian noise

(AWGN) whose elements are independent and identically
distributed (i.i.d.) drawn from CN (0, σ2N ) where σN is the
standard deviation of the noise at each receive antenna. With
an average transmit power Pt , the signal-to-noise ratio (SNR)
becomes γ � Pt

σ2
N

. In such a system, SVD-based precoding

is proved to be the optimal precoder if Gaussian inputs are
used [11]. The complex channel is H = UΛVH by apply-
ing SVD, where U ∈ C

Nr×Nr and V ∈ C
Nt×Nt are unitary

matrices and Λ ∈ R
Nr×Nt is a diagonal matrix, (·)H denotes

the Hermitian transpose. The precoding matrix is V, and is
multiplied by the input symbol stream s in the Tx to form
the transmitted signal x, i.e., x = Vs. The post-processing
matrix UH is multiplied by the received signal. By defining
y′ � UH y and n′ � UH n, we have

y′ � UH y = UHHx+UH n = Λs+ n′. (2)

This y′ is the signal to be demodulated at the Rx. Since U is a
unitary matrix and n is i.i.d., i.e., E{nH n} = I, n′ is also i.i.d.
E{n′H n′} = E{nHUUH n} = E{nH n} = I. The number
of available sub-channels is equal to the non-zero singular
values of H, denoted by Na , Na ≤ min{Nr ,Nt}. Let non-
zero diagonal elements of Λ be λ � [λ1, . . . , λi , . . . , λNa

]T ,
where (·)T denotes the transpose operation. Then, the gain on
the ith sub-channel is λ2i .

III. MULTI-DIMENSIONAL CONSTELLATION DESIGN

Different from the traditional constellation design strategies
applying M-QAM individually to each element of vectors s, as
shown in the left sub-figure of Fig. 1, treating s as one symbol
in C

Na×1 space is considered shown in the right sub-figure
of Fig. 1. The overall SER can be reduced and the benefits of
the MIMO transmission is fully exploited. This can be seen as
an extension of irregular M-QAM [1] to a higher dimensional
space. To design symbols in Tx, the channel is equalized by
multiplying the pre-processed signal y′ as

y′′ � Λ̄−1y′ = s+ Λ̄−1n′ = s+ n′′, (3)

in which Λ̄ ∈ R
Na×Na is a submatrix of Λ including its non-

zero diagonal elements, and n′′ � Λ̄−1n′. In this way, y′′ is the
equalized received signal after post-processing and contains
the symbol vector s and the noise vector n′′ ∼ CN (0, Λ̄−2).
The degree of freedom of s is Na complex-valued variables
since y′′, s, and n′′ ∈ C

Na×1.
Assume the transmitted symbol vectors are independent.

The code-book for this new modulation with M messages

is described by s ∈ S � {s1, . . . , sm , . . . , sM }, in which
sm ∈ C

Na×1 is the mth vector in set S or the mth sym-
bol. The designed symbols are in an Na -dimensional space.
Define a matrix S including all the M symbol vectors as
S = [s1, . . . , sm , . . . , sM ] ∈ C

Na×M .
The probability density function (PDF) of y′′ belonging to

the mth symbol in S (denoted by P{y′′ → sm}) is

P{y′′ → sm} =

∏Na
i=1 λi√
(2π)Na

e−
1
2
(y′′−sm )H Λ̄2(y′′−sm ). (4)

Applying the maximum likelihood detector, the decoded index
of the symbol is

m∗ = argmax
m

P{y′′ → sm}. (5)

Once S is given, the decision boundary can be determined.

A. Minimum Distance Maximization

Due to the monotonicity of the exponential function,
maximization in (5) is equivalent to

m∗ = argmin
m

(y′′ − sm )H Λ̄2(y′′ − sm). (6)

Define the Mahalanobis distance (MD) [12] between y′′ and
the sm as

dMD(y
′′, sm ,λ) �

√
(y′′ − sm)H Λ̄2(y′′ − sm). (7)

Therefore, the maximum likelihood detection is based on the
closest MD of y′′ to a legitimate symbol at the Rx. MD is
almost always better to use than the Euclidean distance since it
involves the sub-channels’ gain, given by λ. Alternatively, this
is also the Euclidean distance among the symbols if directly
decoding the symbols using y′. Our goal is to maximize the
minimum MD among the symbols to reduce the probability
of symbol error. That is,

max
S

min
si ,sj∈S,i �=j

d2MD(si , sj ,λ), (8a)

s.t.
1

M

M∑

i=1

|si |2 ≤ Pt . (8b)

When the sub-channel gains are equal, the problem becomes
the Kepler conjecture or Hilbert’s eighteenth problem [13].
Even in such a simple case, the problem is unsolved for
four and higher-dimensional spaces. Consider the general case
in which the sub-channel gains are different, and thus, the
problem becomes ellipsoid packing, which is much more
involved. To solve this non-convex problem, one possible way
is to repeatedly apply fminimax in MATLAB to optimize the
M ×Na complex-valued variables in S under (8). fminimax
uses sequential quadratic programming (SQP) [14] and
converting the min-max problem in (8) to the following
from

max T , (9a)

s.t. sH s ≤ MPt (9b)

T ≤ d2MD(si , sj ,λ), i �= j . (9c)
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Algorithm 1 Minimum Distance Maximization
1: Inputs: Pt , M, and H
2: Initialize S∗ = 0 and d∗MD = 0.
3: Calculate the SVD of H.
4: for i = 1, . . . ,Lr do
5: Initialize S randomly with average power Pt .
6: Obtain S by optimizing (8) using fminimax.
7: Linearly adjust the average power using (11).
8: Calculate dMD of S using (7).
9: if d∗MD < dMD then

10: Save the outcome as S∗ = S and d∗MD = dMD.
11: end if
12: end for
13: Outputs: S∗ and d∗MD

The Lagrangian function is derived as

L(s, μp , {μi ,j }) = T

⎛

⎝1 +
∑

i �=j

μi ,j

⎞

⎠− μpMPt

+ μps
H s−

∑

i �=j

μi ,j s
HAi ,j s, (10)

where s = [sH1 , . . . , sHM ]H , μp and μi ,j are Lagrangian
multiplier, Ai ,j are diagonal matrix that achieves sHAi ,j s =
sHi Λ̄2sj .

The values are subject to average power constraint (8b).
The main steps of the optimization are shown in Algorithm 1.
Lr is the number of Monte Carlo trials. Based on our obser-
vation, the algorithm converge to an optimum within a few
repentance, thus, we choose Lr = 10 because it has a good
chance of reaching the optimum without inuring too much
time consumption. Due to the non-convexity of the problem,
fminimax may reach the global maximum or possibly a
local maximum. To satisfy the average power constraint, we
linearly scale and reassign the symbol vectors during the
optimization by

sm =
Pt

1
M

∑M
i=1 |si |2

sm =
MPt

∑M
i=1 |si |2

sm . (11)

IV. EXAMPLES OF THE PROPOSED METHOD

In this section, several examples are demonstrated and visu-
alized. The constellations in 2-/3-/4-dimensions (2D/3D/4D)
are illustrated as follows.

A. Optimized Constellation in a 2D Space

We first consider the constellation design for two real-valued
MIMO channels. The channels have non-zero singular-values
λ1 = [2, 1]T and λ2 = [2, 0.5]T , respectively, and Pt = 2W
and SNR is 10dB. Four symbols with two bits are transmitted
in both cases. The received symbols are on a 2D plane, as
shown in Fig. 2, where each dot represents the amplitude of
one y′′ in (3) over the two sub-channels. The colors distin-
guish the four symbols. The center of the symbols is marked
by cross signs. In Fig. 2(a), the sub-channel gains are not
very different and the power is allocated to both sub-channels.
Besides, more power is allocated to the sub-channel with a

Fig. 2. Constellations and decision regions for two different real-valued
channels with M = 4.

Fig. 3. The constellations are in dense colors and their projections on three
marginal plains have faded colors.

lower gain (note that from λ1 = [2, 1]T , sub-channel gains are
2 and 1, respectively). This is against the well-known water-
filling algorithm (WF) [11] because finite-alphabet inputs are
considered instead of infinite-alphabet Gaussian signaling. The
minimum MD is dMD = 3.02 whereas it becomes 2.23 if
using WF.1 In the second example where λ2 = [2, 0.5]T , the
constellation is shown in Fig. 2(b). All of the power is allo-
cated to sub-channel 1 because the gain of sub-channel 2 is
very weak. Thus, the proposed method can adaptively design
a constellation based on sub-channel gains.

B. Optimized Constellation in a 3D Space

In this case, we consider a real-valued MIMO channel with
singular values with λ3 = [1, 1, 1]T and λ4 = [2, 1, 0.5]T .
The corresponding constellations are shown in Fig. 3. These
are examples of the 3D constellation. The dense color clusters
represent and distinguish received symbols (y′′) while the light
color clusters are their projections to the coordinate surfaces.
It is seen that, when the sub-channel gains are equal, the power
is equally allocated as in Fig. 3(a). The symbols are placed in
a 3D space to reach a maximized minimum distance which is
also the optimal solution in cubic close packing [13]. When
the gain of sub-channels is different, the problem becomes
ellipsoid packing as shown in Fig. 3(b).

C. Optimized Constellation in a 4D Space

A complex-valued channel λ5 = [2, 1]T with M = 8 is
considered in this subsection. The symbols can be arranged

1Such a result contradicts WF since WF is designed based on the Gaussian
input which is not the case here.
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Fig. 4. Constellations and decision regions in a two-antenna complex-valued
system with λ5 = [2, 1] and M = 8.

in a 4D real space, shown in Fig. 4. While some symbols
seem overlapping, all symbols are distinguishable when we
jointly see the two sub-channels. In Fig. 4(a), we can recognize
the peripheral five symbols. The three symbols overlapping at
the center are the surrounding three in Fig. 4(b), and vice
versa. The MD of the proposed constellation is dMD = 2.91
while the MD for A-SVD is 2.23. From our experience, when
the eigenvalues of the sub-channels are similar, there is a
higher chance to get symmetric constellation as Fig. 2 and
Fig. 3, vice versa.

V. SIMULATION

In this section, we evaluate the SER and bit error rate (BER)
of the proposed joint precoding and constellation design with
state-of-the-art separate modulation and precoding schemes,
summarized as follows:

• Adaptive modulation with SVD precoding (A-SVD) with
optimal bit and power allocation [9].

• Optimal linear precoding for finite alphabet (LP) [6].
• Bit allocation with SVD precoding and water-filling

power allocation algorithm (BL-WF).
• Bit allocation with SVD precoding and equal power

allocation (BL-EP).
• SVD-based deep autoencoder (DAE) [10].

All of the above methods aim to reduce the SER under the
average power constraint and a fixed transmission bit rate
(same M). The average transmit power is Pt = 2W. By
changing the noise power at the receiver, the SNR is varied
from −10 to 20 dB. For each SNR, we transmit 107 random
symbols in each method and calculate the SER. All exist-
ing methods are based on the M-QAM constellation. For the
labeling or bit-to-symbol mapping, we apply the Gray coding
which has optimal BER performance if M ≤ 32 [15]. We have
not optimized bit-to-symbol mapping for the proposed method.
We have fixed the labeling randomly in the simulation.2

For the sake of simulation, we set Nt = Nr ∈ {2, 3, 4},
and three complex channels are randomly generated whose
singular values are

λ6 = [2.60, 0.87]T , (12)

λ7 = [3.22, 1.80, 0.96]T , (13)

λ8 = [5.69, 2.46, 2.23, 0.29]T . (14)

2Random labeling could be far from optimal. However, it still outperforms
the existing methods as shown in the simulations.

Fig. 5. The SER of the proposed constellation optimization using channels
in (12)-(14).

The SER is shown in Fig. 5 for M = 8 and M = 16, for all
channels. The proposed method shows the best performance
with noticeable gains compared with the other approaches.
The gain is achieved by utilizing the high-dimensional sym-
bol space spanned by I/Q as well as multiple antennas. As can
be seen from Fig. 5, DAE also achieves good performance in
some cases. The objective function of the proposed method is
to enlarge the symbol distance whereas DAE tries to minimize
the mean-square error between the transmitted and decoded
bits [10]. Thus, the proposed method outperforms DAE.
A-SVD is close to LP and works better than BL-WF since they
take an M-QAM constellation into their optimization processes
rather than assuming Gaussian inputs. The water-filling power
allocation, in general, outperforms equal power allocation
since the sub-channel gains are considered. However, BL-WF
has a higher SER compared to BL-EP in some results where
the power allocated to a sub-channel is too small and no bit
will be assigned to this sub-channel. Then, such an amount of
power will be wasted and lead to a higher SER even compared
to BL-EP.

Details of the minimum MD within the symbols, SER, and
BER are listed in Table I for M ∈ {8, 16, 32}. The largest
minimum MD (dMD) and lowest SER and BER are marked
in bold which are achieved by the proposed method. It is seen
that dMD is 24% larger than LP, which is the best among
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TABLE I
COMPARISON OF dMD , SER, AND BER FOR DIFFERENT

METHODS WITH SINGULAR VALUES GIVEN IN (13)

Fig. 6. SER versus M for different methods.

all existing solutions. The SER is reduced by 5.46, 6.36, and
12 times for M = 8, 16, and 32, respectively. Also, com-
pared to the LP, the BER is reduced by 4.0, 3.7, and 5.0 times
for M = 8, 16, and 32, respectively. The BER is enhanced
but not as large as the SER improvement. The reason is we
applied random bit labeling while A-SVD and LP use Gray
coding [15]. That is, if bit labeling is optimized, our method
will give even better BERs. Regardless of that, the BER of
the proposed method is the lowest among all methods.

We next show the influence of the modulation order
M on SER for different methods in Fig. 6. The chan-
nels for Fig. 6(a) and Fig. 6(b) are (13) and (14) with
SNR = 5dB. The proposed method has the lowest SER
among all methods. For example, assume the required SER
is 10−6, the proposed method can transmit 4 bits per sym-
bol (M = 16) while the other methods can only transmit
at most 3 bits per symbol (M = 8). Also, by choosing the
same M, the SER is reduced 10 times compared to A-SVD
and LP.

Finally, we show the influence of different channels
on SER by varying the singular values. The first singu-
lar value of the channel λ1 varies within [1, 2] with an
interval of 0.1, while the second singular value λ2 is fixed
as 1. The resulting performance for all the methods with
SNR = 10dB are illustrated in Fig. 7(a) and Fig. 7(b) for
M = 8 and M = 16, respectively. The proposed modula-
tion scheme has the best performance among all considered
schemes.

Fig. 7. SER versus the first singular value of the channel (λ1) when λ2 is
fixed as one.

VI. CONCLUSION

A novel approach for multi-dimensional constellation design
in MIMO systems is presented. This method jointly optimizes
the symbols for all sub-channels of the MIMO channel at once,
resulting in a higher minimum distance between the symbols
and significantly lower symbol error rate compared to tra-
ditional separate modulation and precoding schemes. Results
from simulations demonstrate the effectiveness of the proposed
method across a range of antenna and symbol configurations.
Future work will focus on developing optimization algorithms
for the constellation design and improving bit labeling for even
better bit error rate performance.
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