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Abstract—With an explicit counterexample, it is shown that the
restriction to Gaussian distributions in the limiting expression
for the capacity region of memoryless Gaussian interference
channel falls short of achieving capacity, in general. Techniques
that enable one to make use of the limiting expression to obtain
valid and possibly tight outer bounds for Gaussian interference
channels are also explained.

region is well-defined, it is considered to have little value
because [4]–[6]
•
•
•

I. I NTRODUCTION
Interference is a fundamental phenomenon in wireless communication networks when multiple users share a common
communication medium. A K-user interference channel, consisting of K, K ≥ 2, transmitter and receiver pairs, is used
to model such communication networks in general. The twouser interference channel, originating from [1], is the simplest
interference channel and a building block of many wireless
networks. Fundamental limits of this channel have been explored for many years. A limiting expression1 for the capacity
region for the discrete memoryless interference channel was
derived in [2], but characterization of a single-letter expression
for the capacity region of this channel is, in general, unknown.
Limiting characterizations of capacity regions first appeared
in Shannon’s work [1]. Ahlswede [2] showed that the capacity
region of the discrete memoryless interference channel, with
inputs X1n and X2n , and outputs Y1n and Y2n , is given by the
following limiting expression:
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(1)
where co(·) denotes the convex hull and superscript n denotes
the length of the input and output vectors.
Such multiletter expressions can be readily obtained for
other multi-user channels. In particular, for Y1 = Y2 = Y ,
(1) gives a limiting characterization of the capacity region of
the multiple access channel (MAC) [3], with an output Y .
Although the above limiting characterization of the capacity
This work was supported in part by a fellowship from the Natural Sciences
and Engineering Research Council of Canada (NSERC), and in part by the
U.S. National Science Foundation (NSF) under Grant CCF–1420575.
1 As will seen, a limiting expression of the capacity region of a channel is
a multiletter expression that becomes the capacity region of that channel in
the limit. The terms limiting expression and multiletter expression are usually
used exchangeably in the literature.

it is computationally excessively complex and thus it is
not clear how to compute it;
it does not provide any insight into how to best code for
this channel; and,
it cannot be directly used to compute the capacity region
of the Gaussian interference channel by restricting to
Gaussian inputs.

In contrast to multiletter expressions, a single-letter capacity
expression includes only the channel input and output random
variables, and in some cases a few auxiliary random variables,
involved in “one” use of the channel. A single-letter capacity
expression for the discrete memoryless interference channel is
in general unknown, except in some special cases. Similarly,
the capacity region of the Gaussian interference channel is not
known in general. Cheng and Verdú [6] proved that restriction
to Gaussian inputs in the limiting expression of the MAC falls
short of achieving the capacity region of the Gaussian MAC.
In this paper, by providing an explicit counterexample, we
first prove a similar result for the interference channel. We next
show that although, in general, one cannot restrict the inputs
in (1) to Gaussian inputs to compute the capacity region, the
multiletter expression can still be useful. We discuss how the
multiletter expression can be exploited to develop valid outer
bounds on the capacity region of the Gaussian interference
channel. This identifies a general approach for improving the
outer bounds for Gaussian interference networks, which in turn
gives hints on the structure of the optimal codes, at least in
certain cases.
The paper is organized as follows. The system model is
described in Section II. Section III provides the counterexample. Section IV discusses techniques that help improve outer
bounds based on the multiletter expression. This is followed
by conclusion in Section V.

II. P RELIMINARIES
Consider a two-user Gaussian interference channel where
user 1 and user 2 wish to transmit independent messages M1
and M2 , respectively. The input-output relationships for this
channel, for a single channel use, can be expressed in the

standard form by [7]
√

Y1 = X1 + aX2 + Z1 ,
√
Y2 = bX1 + X2 + Z2 ,

(2a)
(2b)

where a and b are two non-negative real numbers, Z1 and
Z2 are two independent N (0, 1) noise terms which are also
independent from channel use to channel use, and input i is
subject to an average power constraint Pi , i.e.,
E(kXi k2 ) ≤ Pi , i = 1, 2.

(3)

A (2nR1 , 2nR2 , n, n1 , n2 ) code for this channel consists of
two independent messages Mi , i ∈ {1, 2}, two encoding
functions fi , two decoding functions gi , and two average
probability errors ni , in which
1) Mi is uniformly distributed over [1, 2, . . . , 2nRi ],
2) encoder i assigns a codeword xni (mi ) to each message
mi
3) decoder i assigns an estimate m̂i ∈ [1, 2, . . . , 2nRi ] to
each received sequence yin , and
P2nRi
1
4) ni = p(M̂i 6= Mi ) = 2nR
i=1 p(m̂i 6= mi ).
i
A rate pair (R1 , R2 ) is achievable if there exist a sequence
of codes (2nR1 , 2nR2 , n, n1 , n2 ) with n1 → 0 and n2 → 0.
The capacity region of the interference channel is the closure
of the set of achievable rates.
The capacity region of the two-user interference channel
is a long-standing open problem that traces back to Shannon
[1]. A limiting expression for the capacity region of discrete
memoryless interference channel is given in (1). Nevertheless,
characterization of a single-letter expression for the capacity
region of this channel is unknown, except in the strong interference case [8]; i.e., when I(X1 ; Y1 |X2 ) ≤ I(X1 ; Y2 |X2 ) and
I(X2 ; Y2 |X1 ) ≤ I(X2 ; Y1 |X1 ) for all p(x1 )p(x2 ). In this case,
the limiting characterization of the capacity region simplifies
to the single-letter one. This is because from (1) we can write
1
1
I(X1n ; Y1n ) + I(X2n ; Y2n )
n
n
(a) 1
1
n
n
n
≤ I(X1 ; Y1 |X2 ) + I(X2n ; Y2n )
n
n
(b) 1
1
≤ I(X1n ; Y2n |X2n ) + I(X2n ; Y2n )
n
n
n
(c) 1 X
=
I(X1i , X2i ; Y2i )
n

R1 + R2 ≤

= I(X1 , X2 ; Y2 |Q),

1
I(X1n ; Y1n ) ≤ I(X1 ; Y1 |X2 , Q).
n

With an explicit counterexample, in this section we prove
that evaluating (1) with Gaussian inputs falls short of achieving
the capacity region. We show that, when evaluated using
Gaussian inputs, (1) is a proper subset of an inner bound, for
certain channel parameters. The counterexample is developed
for the one-sided interference channel. Specifically, we let
b = 0 and a < 1 in (2a)-(2b), which results in a one-sided
interference channel in the weak interference regime.
A. Inner Bound
Consider the Gaussian interference channel defined by (2a)(2b) for b = 0. We use time-sharing with power allocation as
an achievable scheme. Let us divide the set of channel-uses
into two non-overlapping sets with proportions τ1 and τ2 of
the total (τ1 +τ2 = 1). Also, let Rji , i, j ∈ {1, 2}, represent the
rate corresponding to user j over the channel uses in subset i.
An achievable rate region for this scheme is given by

R1 ≤ τ1 R11 ,

(6a)

R2 ≤ τ1 R21 + τ2 R22 ,

(6b)

in which

(4)

in which (a) is due to the independence of X1n and X2n
which follows from the independence of M1 and M2 , (b) follows from the strong interference condition I(X1 ; Y1 |X2 ) ≤
I(X1 ; Y2 |X2 ) [8], (c) follows by the memoryless property of
the channel, and (d) follows by a standard argument [9] in
which the random variable Q is uniformly distributed over
{1, 2, . . . , n} and is independent of all other random variables.
With similar arguments, it is easy to check that
R1 ≤

III. A C OUNTEREXAMPLE

Lemma 1. The set of non-negative (R1 , R2 ) satisfying

i=1

(d)

Then again, by swapping the indices 1 and 2 in (4) and (5)
we obtain two other inequalities and a single-letter capacity
expression is characterized in the strong interference case [8].
As positive as this limiting expression may be, in this paper
we show that it cannot, in general, be directly used to compute
the capacity region of the Gaussian interference channel by
restricting the inputs to Gaussian distributions. This expression
should, however, reduce to a single-letter characterizations of
the capacity region, if one exists. Also, as we show in this
paper, it can be useful in finding improved outer bounds on
the capacity region of the interference channel.
We end this section with some notational conventions.
We will denote deterministic vectors with boldface lowercase
letters, random vectors with uppercase boldface letters, and
matrices with uppercase letters. All logarithms are to base 2,
and γ(x) , 21 log(1 + x). I is the identity matrix of size n,
and for a real number x ∈ [0, 1] we define x̄ = 1 − x.

(5)

R11 ≤ γ



R21



P1
τ1



,
1 + aβ1 P21

aβ̄1 P21
≤γ
+ γ(β1 P21 ),
1 + Pτ11 + aβ1 P21

R22 ≤ γ(P22 ),

(7a)
(7b)
(7c)

is achievable for the one-sided Gaussian interference channel
where τ1 + τ2 = 1, τ1 P21 + τ2 P22 = P2 , 0 ≤ β1 ≤ 1, and
β̄1 = 1 − β1 .
Proof. To prove this region we use a time-sharing argument.
Consider two sequences of codes, namely C1 and C2 , achieving (R11 , R21 ) and (0, R22 ), respectively. For each block
length n, assume that the first and second codes are used
during n1 and n2 uses of the channel, respectively, where

n1 +n2 = n. Let us also define τ1 = nn1 and τ2 = nn2 . Thus, τ1
and τ2 are the fraction of the channel uses for the first and second codes, and τ1 +τ2 = 1. Then from [9, Proposition 4.1 and
Remark 4.3] the rate pair (R1 , R2 ) = (τ1 R11 , τ1 R21 + τ2 R22 )
is achievable. In effect, we transmit C1 for a fraction τ1 of
channel uses and C2 a fraction τ2 of channel uses.
Here we explain how to construct the above codes. We split
the message M2 into independent submessages M21 at rate
R21 and M22 at rate R22 . Transmitter 2 divides its power
P2 into P21 and P22 such that τ1 P21 + τ2 P22 = P2 , i.e., it
uses P21 and P22 for the channel uses corresponding to τ1
and τ2 , respectively. Transmitter 1, however, consumes all its
power in the channel uses corresponding to τ1 . We explain
the communication over each fraction of channel uses; i.e., τ1
and τ2 .
• During the τ1 fraction of channel uses both transmitters are active. Transmitter 1 transmits M1 with an
average power of Pτ11 . Transmitter 2 divides its submessage M21 into two parts: the private and common
messages. Let β1 P21 and β̄1 P21 , respectively, represent
the power allocated to the private and common part of
the message of user 2 in the n1 uses. Receiver 1 first
decodes the common
message of transmitter 2 at a rate of

aβ̄1 P21
γ
and cancels it from the received signal.
P1
1+ τ +aβ1 P21
1

After that, receiver 1 is capable of decoding its own
P1 /τ1
. Clearly, receiver 2
message at a rate of γ 1+aβ
1 P21
which does not experience any interference is capable of
reliably decoding the common message at the same rate.
This receiver then decodes its private message at a rate of
γ(β1 P21 ). As a result, user 1 and user 2 can, respectively,
achieve (7a) and (7b) in the n1 channel uses.
• As user 1 has consumed all its power for the n1 channel
uses, it is silent for the n2 channel uses. That is, these
channel uses are reserved for the transmission of user 2.
Transmitter 2 simply sends M22 with power P22 , and
receiver 2 decodes it at a rate of γ(P22 ). Then, (7c) is
achievable, for user 2, in the n2 channel uses.
With the above strategy, the rate (7a)-(7c) and consequently
(6a)-(6b) are achievable. 2
Recalling that τ1 P21 + τ2 P22 = P2 and τ1 + τ2 = 1, it is
easy to check that the weighted sum-rate µR1 + R2 , µ ≥ 0,
for the above achievable region is given by
µR1 + R2 = τ1 (µR11 + R21 ) + τ2 R22
P1
h 



aβ̄1 P21
τ1
≤ τ1 µγ
+γ
P
1 + aβ1 P21
1 + τ11 + aβ1 P21
i
P − τ P 
2
1 21
+ γ(β1 P21 ) + τ̄1 γ
,
(8)
τ̄1
in which 0 ≤ τ1 ≤ 1, 0 ≤ β1 ≤ 1, and 0 ≤ P21 ≤

P2
τ1 .

B. Limiting Capacity Expression with Gaussian Inputs
In [6], it is noted that the convex hull operation is unnecessary in the limiting expression for the capacity region of this
2 It can be checked that the above achievable region is a subset of HanKobayashi scheme with time-sharing [10].

interference channel, given by (1). Therefore, from (1), for any
µ ≥ 0 we can write
[

1
µR1 + R2 ≤ lim
µI(X1n ; Y1n ) + I(X2n ; Y2n ) ,
n→∞
n
n
n
p(x1 )p(x2 )

(9)
or equivalently,

1
µI(X1n ; Y1n ) + I(X2n ; Y2n ) ,
(10)
n
for some p(xn1 )p(xn2 ), when n → ∞. The inequality (10) can
be simply proved by using Fano’s inequality too, and it gives
a multiletter expression for the weighted sum-capacity of the
interference channel. If we expand the right-hand side of (10)
for the one-sided interference channel, we obtain

1
µI(X1n ; Y1n ) + I(X2n ; Y2n )
µR1 + R2 ≤
n

1
=
µh(Y1n ) − µh(Y1n |X1n ) + h(Y2n ) − h(Y2n |X2n )
n
√
√
1
µh(X1n + aX2n + Z1n ) − µh( aX2n + Z1n )
=
n

1
(11)
+ h(X2n + Z2n ) − h(Z2n ) , Uo .
n
We now evaluate Uo for Gaussian input distributions. Without
loss of generality, we assume the covariance matrices of the
noise vectors are equal to the identity matrix of size n, denoted
by I. Also, we assume
µR1 + R2 ≤

p(xn1 ) ∼ N (0, K1 ),

p(xn2 ) ∼ N (0, K2 ),

(12a)

in which K1 and K2 are two positive semidefinite covariance
matrices with tr(K1 ) ≤ nP1 and tr(K2 ) ≤ nP2 , which are
due to the power constraints defined in (3). Now, let us form
U = maximize
n
n

Uo

p(x1 )p(x2 )

(13)

tr(KX1n ) ≤ nP1 ,

subject to

tr(KX2n ) ≤ nP2 ,
in which Uo is defined in (11).
This problem is solved in Appendix A, from which we have
h

µR1 + R2 ≤ ξ µγ
¯
+ ξγ

P1
ξ





aP20

+ γ(P20 )

1+
 P − ξP 0 
2

2

ξ¯

i

,

(14)

in which 0 ≤ ξ ≤ 1, ξ¯ = 1 − ξ, and 0 ≤ P20 ≤ P2 .
C. Proof of Counterexample
In light of the inner and outer bounds in (8) and (14), it
is now straightforward to verify that with Gaussian inputs the
limiting capacity expression (1) falls short of achieving the
capacity region of memoryless Gaussian interference channels.
To this end, we show that the right-hand side (RHS) of
(8) can be strictly greater than the RHS of (14). Let β1 = 1
in (8). Now, it is clear that, for τ1 = ξ and P21 = P20 , the
inner bound is at least as large as the bound in (14). We
next show that the inner bound can be strictly larger than
the outer bound. Equivalently, we may prove that β1 = 1 is

A. Tightening Outer Bounds: A Systematic Approach
1.5

Inner bound
Outer bound

R2

1
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0
0
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1

Consider the multiletter outer bound given by (11). In what
follows, by decomposing Uo in three different ways, we study
three outer bounds to familiarize the reader with the process of
improving the outer bound based on the multiletter expression.
With this purpose, we decompose the objective function of the
optimization problem (13), defined in (11), in different ways.
1) First Outer Bound: Let Uo = Uo11 +Uo12 +Uo13 −h(Z2n )
in which
√
(15a)
Uo11 = µh(X1n + aX2n + Z1n ),
√ n
n
Uo12 = −µh( aX2 + Z1 ),
(15b)
Uo13 = h(X2n + Z2n ),

1.5

R1

Fig. 1. The inner bound (Lemma 1) and the outer bound assuming that
Gaussian inputs are optimal for the multiletter expression (see (14)). The
figure clearly shows that such an assumption is not correct. The curves are
for the one-sided interference channel with a = 0.6, P1 = 7 and P2 = 7.

not the maximizer the RHS of (8) for the whole range of
parameters. This is rather easy as, for example, the optimum
1
. This completes the proof of
β1 is zero for µ ≥ τ1 (1−a)+P
aP1
the counterexample, indicating that Gaussian inputs cannot
maximize Uo , or, equivalently, the restriction to Gaussian
inputs in the limiting expression falls short of achieving the
capacity of the memoryless Gaussian interference channel.
Figure 1 compares the inner and outer bounds numerically.
It should be highlighted that this result applies only to the
multiletter capacity expression in (1), or (9) equivalently. It
does not imply that Gaussian inputs are not capacity-achieving
for the Gaussian interference channel. On the contrary, there
might be single-letter capacity expression, or even a different
multiletter capacity expression, for the interference channel
for which the Gaussian inputs are optimal. To appreciate this,
see Cheng and Verdú’s discussion [6] in which they have a
similar result for the MAC while highlighting the well-known
fact that Gaussian inputs are optimal for the Gaussian MAC.

IV. H OW TO B ETTER U SE THE M ULTILETTER
E XPRESSION ?
In the previous section we have proved that we cannot
simply apply Gaussian input distributions to the multiletter
expression in (1), and expect to obtain a valid outer bound on
the capacity region of the Gaussian interference channel.
Lacking a single-letter expression for the capacity region of
the interference channel, besides the fact that for many linear
Gaussian channels the capacity region is achieved by Gaussian
inputs, motivates us to further examine the limiting expression
to obtain valid tight outer bounds for the Gaussian interference
channel. To this end, we take another look at (13). Obviously,
we can break down the objective function Uo into two or more
functions and maximize them separately to get a valid outer
bound on µR1 + R2 because max (x + y) ≤ max x + max y.

(15c)

and h(Z2n ) = n2 log 2πe is a constant term. From the fact that a
Gaussian distribution maximizes the differential entropy under
a covariance constraint, and the power constraints in (3), it is
easy to see that both Uo11 and Uo13 are maximized when
p(xn1 ) ∼ N (0, P1√
I) and p(xn2 ) ∼ N (0,
√P2 I). Besides, we
can see that −µh( aX2n + Z1n ) ≤ −µh( aX2n + Z1n |X2n ) =
−µh(Z1n ) = µn
2 log 2πe. Hence, from (11), we have

1
1
n
Uo =
Uo11 + Uo12 + Uo13 − log 2πe
n
n
2

1
≤
Uo11 + Uo12 + γ(P2 )
(16)
n
µ
1
≤ Uo11 + log 2πe + γ(P2 )
n
2
≤ µγ(P1 + aP2 ) + γ(P2 ),

µR1 + R2 ≤

where the last three inequalities are due to maximizing Uo13 ,
Uo12 , and Uo11 , one by one. This gives a valid outer bound,
but obviously not a tight one, except for a = 0, because from
single-user upper bounds R1 ≤ γ(P1 ) and R2 ≤ γ(P2 ) it is
clear that µR1 + R2 ≤ µγ(P1 ) + γ(P2 ).
2) Second Outer Bound: As proposed in [11]–[13], a better
bound on µR1 + R2 is obtained if we maximize the second
and third terms of Uo together. Formally, let
√
(17a)
Uo21 = µh(X1n + aX2n + Z1n ),
√ n
n
n
n
Uo22 = h(X2 + Z2 ) − µh( aX2 + Z1 ).
(17b)
Again, it is clear that Uo21 is maximized by Gaussian inputs.
Using [14, Corollary 4] it can be checked that, for a ≤ 1, Uo22
is maximized by a Gaussian X2n , too. Thus, we can write

1
1
n
Uo =
Uo21 + Uo22 − log 2πe
(18)
n
n
2
1
1
≤ µγ P1 + aP2 ) + Uo22 − log 2πe
n
2


P2 +1/a
P1

µγ 1+aP2 + γ(P2 ), if 0 ≤ µ ≤ P2 +1
≤ f2 (P1 , P2 , a, µ),
if PP2 +1/a
< µ < a1 ,
2 +1


µγ(P1 + aP2 ),
if µ ≥ a1

µR1 + R2 ≤

in which the last step is proved in [11], and f2 (P1 , P2 , a, µ) =
1
(P1 +aP2 +1)(µ−1)
µ
a −1
+ 12 log µ−1
. It is clear that the above
2 log
µ(1−a)
arrangement results in a better bound on µR1 + R2 . Furthermore, this outer bound is tight for 0 ≤ µ ≤ PP2 +1/a
since it is
2 +1
achieved by treating interference as noise.

A closer examination of the outer bound (18), reveals that
for 0 ≤ µ ≤ PP2 +1/a
, the Gaussian inputs X1n ∼ N (0, P1 I)
2 +1
n
and X2 ∼ N (0, P2 I) are optimal for Uo21 and Uo22 , and thus
for Uo . This means that, for this range of µ, Gaussian inputs
are sufficient to obtain the capacity region of the one-sided
Gaussian interference channel when the limiting expression is
.
used. Such a conclusion cannot be made for µ > PP2 +1/a
2 +1
3) Third Outer Bound: There is an even more efficient way
to decompose Uo . We let Uo = Uo31 + Uo32 − h(Z2n ), where
√
Uo31 = h(X1n + aX2n + Z1n ),
(19a)
√ n
n
n
Uo32 = (µ − 1)h(X1 + aX2 + Z1 )
√
(19b)
− µh( aX2n + Z1n ) + h(X2n + Z2n ),
and maximize Uo31 and Uo31 individually. It is clear that Uo31
is maximized by Gaussian inputs and we can write

1
1
n
µR1 + R2 ≤ Uo =
Uo31 + Uo32 − log 2πe
n
n
2
 1
≤ γ P1 + aP2 + Uo32 .
(20)
n
From [15, Theorem 2], we conjecture that Uo32 is also maximized by Gaussian inputs. This is true at least for µ ≤ PP2 +1/a
,
2 +1
in view of (18). If so, (20) will result in a tighter outer bound
than (18) and (16).

useless. Conversely, the capacity regions thus far established
for this channel indicates that by massaging it we can find
a single-letter expression for the capacity region, for which
Gaussian inputs are optimal.3 Therefore, the multiletter capacity expression is useful and can be reduced to a single-letter
capacity expression, at least in certain cases. How to find this
single-letter expression from the multiletter expression is a
fundamental challenge. We have tried to address this challenge
in Section (IV-A).
V. C ONCLUSION
We have shown that the capacity region of the Gaussian interference channel cannot, in general, be achieved by Gaussian
inputs in the multiletter expression of the capacity region. This
however does not imply that Gaussian inputs are not capacityachieving for the Gaussian interference channel. More importantly, this work shows the potential of the multiletter
expression in improving the outer bounds of the capacity
regions of multi-user Gaussian channels. The key insight is to
expand the multiletter expression and decompose it into two
or more terms in a way that the overlap between their optimal
solutions is maximized, in order to obtain or get closer to the
optimal solution of the multiletter expression.

B. A New Representation of the Limiting Expression
Considering the inner bound in Lemma 1, it is straightforward to show that X1n ∼ N (0, P1 I) and X2n ∼ N (0, P2 I)
cannot be optimal for the outer bound on µR1 + R2 , for all
µ. In fact, such a bound is even worse than (14). On the
other hand, from (20), we know that the above distributions
maximizes µR1 +R2 for µ ≤ PP2 +1/a
. Then, it can be checked
2 +1
that X2n cannot not have a fixed covariance for all µ.
In other words, in (1) we cannot restrict X2n to have a single
Gaussian distribution, if our goal is to get a valid outer bound
or to achieve the capacity region of the Gaussian interference
channel. Interestingly, however, the optimal X2n is Gaussian
for a certain range of µ, as discussed above. As a result, some
points on the capacity region are achieved by a Gaussian X2n .
This specific example motivates us to advocate (9) as a new
representation of (1), as it gives a better way to use the limiting
expression to find the optimal distributions for that.
C. Comparison and Discussion
Section III proves that restriction to Gaussian inputs in the
limiting expression for the capacity region of the Gaussian
interference channel is insufficient to achieve the capacity region of this channel, in general. While this could diminish the
importance of the limiting capacity expression, in Section IV-A
it is shown that a judicious use of the multiletter expression
can result in the capacity region of the interference channel,
for a certain range of parameters.
It should be noted that the fact that restriction to Gaussian
inputs in the multiletter expression is not sufficient to achieve
the capacity region does not imply that Gaussian inputs are
not capacity-achieving for the Gaussian interference channel.
Neither does it mean that the multiletter capacity expression is

A PPENDIX A
Consider the optimization problem in (13). Since for any
Gaussian random n-vector
X n ∼ N (µ, K) we have h(X n ) =

1
n
log
(2πe)
|K|
,
where
|K| denotes the determinant of K,
2
by restricting its solution space within Gaussian distributions
determined by (12), the problem (13) is equivalent to
hµ
µ
U G = maximize
log |K1 + aK2 + I| − log |aK2 + I|
K1 , K2
2
2
i
1
+ log |K2 + I|
2
subject to K1  0, tr(K1 ) ≤ nP1 ,
K2  0, tr(K2 ) ≤ nP2 ,
(21)
in which  denotes greater than or equal to in the positive
semidefinite partial ordering between real symmetric matrices.
We only study the nontrivial case of µ > 0.
Next, since KX1 and KX2 are positive semidefinite, we can
decompose them as KX1 = U1 Λ1 U1t and KX2 = U2 Λ2 U2t ,
where U1 and U2 are unitary matrices and Λ1 and Λ2 are
diagonal matrices with nonnegative entries. Let λ1i and λ2i ,
i = 1, . . . , n, be the diagonal elements of Λ1 and Λ2 ,
respectively. Note that these are the eigenvalues of KX1 and
KX1 , respectively. From the fact that U2 U2t = I and knowing
that for any matrices A and B we have tr (AB) = tr (BA)
and |AB + I| = |BA + I|, we obtain |KX2 + I| = |Λ2 + I|
and |aKX2 + I| = |aΛ2 + I|. However, |KX1 + aKX2 + I| =
|Λ1 + aΛ2 + I| is not correct in general, and all we can have
3 The very strong interference case [16] is the only case that the multiletter
expression in (1) does not require any manipulation and p(xn
1 ) ∼ N (0, P1 I)
and p(xn
2 ) ∼ N (0, P2 I) are optimal.

is
U G = max

s. t.

µ
log (|Λ2 + I|) − log (|aΛ2 + I|)+
2
i
µ
t
log (|U1 Λ1 U1 + aU2 Λ2 U2t + I|)
(22)
2
Λ1  0, tr (Λ1 ) ≤ nP1 ,
h1
2

Λ2  0, tr (Λ2 ) ≤ nP2 .

and complimentary slackness constraints are given by


1
µ
− u1 + v1i = 0,
(27a)
2 ln 2 λ1i + aλ2i + 1


1
1
aµ
aµ
−
+
2 ln 2 λ2i + 1 aλ2i + 1 λ1i + aλ2i + 1
− u2 + v2i = 0,
(27b)
n


X
u1 nP1 −
λ1i = 0,
(27c)

To further simplify the objective function, we can write it
based
Qn on the eigenvalues of KX1 and
Qn KX2 , using |KX2 +I| =
(λ
+1)
and
|aK
+I|
=
X2
i=1 2i
i=1 (aλ2i +1). In addition,
without loss of generality, we assume λ11 ≥ λ12 ≥ . . . ≥ λ1n
and λ21 ≤ λ22 ≤ . . . ≤ λ2n . With these assumptions, the last
term can be upper bounded as 4
|KX1 + aKX2 + I| ≤

n
Y


λ1i + aλ2i + 1 .

(23)

i=1

As a result, we will get the new optimization problem
n

Û G = max

s. t.

1 Xh
log (λ2i + 1) − µ log (aλ2i + 1)
2 i=1
i
+ µ log (λ1i + aλ2i + 1)]

(24)

λ1i ≥ 0, λ2i ≥ 0, ∀ i,
n
n
X
X
λ2i ≤ nP2 ,
λ1i ≤ nP1 ,
i=1

i=1

whose optimum value is an upper bound for U G . That is,
U G ≤ Û G .

(25)

To solve this new optimization problem, we use Lagrange multipliers u1 , u2 , v1 = {v11 , . . . , v1n } and v2 = {v21 , . . . , v2n },
and study the Lagrangian defined by
n

L=

+ u2 (nP2 −

λ2i ) +

i=1

i=1

v1i λ1i +

•

v2i λ2i .

i=1

v2i λ2i = 0,

(27f)

(28)

Subcase 1: λ2i = λ2j . In this case, from (28), we get
λ1i = λ1j which contradicts the conditions of Case I.
Thus, this case impossible.
Subcase 2: λ2i 6= λ2j , λ2i 6= 0, λ2j 6= 0. in this case,
from (27f) we have v2i = 0 and v2j = 0. Then again,
from (27b) have
1
aµ
aµ
−
+
λ2i + 1 aλ2i + 1 λ1i + aλ2i + 1
1
aµ
aµ
=
−
+
.
λ2j + 1 aλ2j + 1 λ1j + aλ2j + 1

•

i=1

(27e)

µ
µ
=
.
λ1i + aλ2i + 1
λ1j + aλ2j + 1

4 Let α ≤ α ≤ . . . ≤ α and β ≤ β ≤ . . . ≤ β be the eigenvalues
n
n
1
2
1
2
of Hermitian n × n matrices A and B. Then, if α1 + β1 + θ ≥ 0, where θ
is a real number, we have [17]

|A + B + θI| ≤

v1i λ1i = 0,

2) Case II: λ1i 6= λ1j , λ1i 6= 0, λ1j 6= 0. First, with λ1i 6=
0 and λ1j 6= 0, from (27e) we can see that v1i and v1j must
be equal to zero. Then, from (27a), we must have

(26)

i=1
n
X


αi + βn+1−i + θ .

(27d)

in which i = 1, . . . , n, u1 ≥ 0, u2 ≥ 0, v1i ≥ 0, v2i ≥ 0, and
obviously the constraints in (24) must hold too.
Next, for each of the complementary slackness condition we
need to check whether its corresponding constraint is binding
or the multiplier is zero. Therefore, the following cases arise:
1) Case I: λ1i = λ1j , ∀ i, j. In words, in this case all
λ1i s are equal. Letting λ1i , λ1 , it is easy to check that
0 ≤ λ1 ≤ P1 . Then, we considers the following two subcases
separately:
Pn
• Subcase 1: 0 ≤ λ1i < P1 . If so,
i=1 λ1i < nP1 and
from (27c) we must have u1 = 0. Substituting this in
(27a) we can see that v1i < 0 which is contradicting. So,
this case is impossible.
• Subcase 2: λ1i = P
1 . In this case,
 v1i = 0 and from (27a)
µ
1
we will have 2 ln
2 λ1 +aλ2i +1 = u1 , ∀ i. This implies
that all λ2i s are the same.

Because of the the inequality constraints, we need to apply the
Karush-Kuhn-Tucker (KKT) conditions. The KKT stationary

n
Y


λ2i = 0,

i=1

•

n
X

+ µ log (λ1i + aλ2i + 1) + u1 (nP1 −
λ1i )
n
X

u2 nP2 −

n
X

Now we consider the following subcases:

1 X
log (λ2i + 1) − µ log (aλ2i + 1)
2 i=1

n
X

i=1



(29)

Since both (28) and (29) must hold in this subcase, we
conclude that λ2i = λ2j which is contradicting.
Subcase 3: λ2i 6= λ2j , λ2i = 0. in this case, from (27b)
we obtain


1
1
aµ
aµ
u2 =
−
+
.
2 ln 2 λ2i + 1 aλ2i + 1 λ1i + aλ2i + 1

Next, substituting this back into (27b) implies that v2j <
0 unless λ2j = 0. Again, this is contradicting. Considering the above subcases we conclude that Case II is not
possible, i.e., we cannot have λ1i 6= λ1j , λ1i > 0, λ1j >
0. In words, this means that either all λ1i s are equal or
they can have two values and one of these values is 0.
3) Case III: λ1i 6= λ1j , λ1i = 0. This case is possible as
it does not violate any of the KKT conditions. However, the
followings should be noted:
• There can only be two different values for the λ1i s. This
is obvious in light of Case II, as it proves that there cannot
be two different non-zero values for λ1i .
• There can only be two different values for λ2i s. To prove
this, we use the above fact that λ1i s can only have two
different values. More precisely, we show λ1j = λ1k
implies λ2j = λ2k , ∀ j, k ∈ {1, . . . , n}. Let us consider
the following subcases:
Subcase 1: λ1k = λ1j 6= 0. With this, from (27e), we see
that v1j = v1k = 0 which implies λ2j = λ2k , in view of
(27a).
Subcase 2: λ1k = λ1i = 0. In this case, we first show that
λ2j 6= λ2k , λ2j 6= 0, and λ2k 6= 0 is contradicting. This
is because λ2j 6= 0 and λ2k 6= 0 imply v2i = v2k = 0
and then from (27b) we will get λ2j = λ2k . Similarly,
we can show that λ2j = 0 and λ2k 6= 0 is impossible
because from (27b) we can obtain
1
1
1
+ v2j =
2 ln 2
2 ln 2 λ2k + 1
which is contradicting as it implies v2j < 0.
Here, we add that in Case III there exist at least one
λ1i = 0 and λ1j 6= 0. Hence, from (27b) we will have
1
1
− u2 + v2i = 0.
2 ln 2 λ2i + 1

(30)

Now, it is easy to see that u2 > 0. Also, from (27a) it is
clear that u1 > 0 for any µ > 0. Thus, using (27c) and
(27d) we obtain
n
X
i=1
n
X

λ1i = nP1 ,

(31a)

λ2i = nP2 .

(31b)

i=1

It can be checked that Case I-III are exhaustive, i.e., they
include all plausible combinations of λ1i and λ2i . We next
show that the two acceptable cases can be unified. By letting
1 ≤ m ≤ n, and remembering that λ11 ≥ λ12 ≥ . . . ≥ λ1n ,
we can write
(
n
P1 , for 1 ≤ i ≤ m
,
(32)
λ1i = m
0,
for m < i ≤ n
where m = n corresponds to the subcase 2 of Case I, and
m < n corresponds to Case III. Similarly, we can write
(
P 0,
for 1 ≤ i ≤ m
λ2i = nP2 2 −mP20
,
(33)
n−m , for m < i ≤ n

in which 0 ≤ P20 ≤ P2 . The upper bound on P20 is due to the
assumption that λ21 ≤ λ22 ≤ . . . ≤ λ2n . Note that, with these
choices of λ1i and λ2i all conditions of the acceptable cases,
including (31a) and (31b), are satisfied.
We are now at the position to evaluate the optimal value of
the Û G in (24), which is given by
n h
i
 λ
X
1i
Û G =
γ(λ2i ) + µγ
1 + aλ2i
i=1
h
 n P i
 nP − mP 0 
2
2
m 1
= m γ(P20 ) + µγ
+ (n − m)γ
0
1 + aP2
n−m

h
 P1 i
0
ξ
¯ P2 − ξP2 ,
= nξ γ(P20 ) + µγ
+
n
ξγ
1 + aP20
ξ¯
0
¯
in which ξ , m
n , 0 ≤ ξ ≤ 1, ξ = 1 − ξ, and 0 ≤ P2 ≤ P2 .
Finally, recalling that Û G is an upper bound for U G , the proof
of outer bound is completed.
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