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Preliminaries Counterexample Better Use Single-Letter vs Multiletter Problem Setup

Single-letter /multiletter capacity expressions

A Single-User Channel

Capacity expressions for the single-user channel [Shannon 1948]
© Discrete memoryless channel

o Multiletter: £1(X"; Y"), maximization over all p(x"), n — oo
o Single-letter: 1(X;Y'), maximization over all p(x)

A single-letter capacity expression includes the channel input and output
random variables involved in “one” use of the channel.
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Preliminaries Counterexample Better Use Single-Letter vs Multiletter Problem Setup

Single-letter /multiletter capacity expressions

A Single-User Channel

Capacity expressions for the single-user channel [Shannon 1948]
© Discrete memoryless channel

o Multiletter: £1(X"; Y"), maximization over all p(x"), n — oo
o Single-letter: 1(X;Y'), maximization over all p(x)

A single-letter capacity expression includes the channel input and output
random variables involved in “one” use of the channel.

@ Gaussian channel with E(||X||?) < P
o Optimal input p(x) ~ N(0, P)
o C=1log(l+P)=~(P).
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Preliminaries Counterexample Better Use Single-Letter vs Multiletter Problem Setup

Single-user channel

Discrete memoryless channel

R < %I(X”; Y™ + €
1 n
= ;Z/(Xi; Yi) + €n

i=1

—

O J(X: V) + en,

(a) follows by the memoryless property of the channel
(b) follows by the definition of the information capacity
Gaussian channel: optimal inputs are Gaussian

p(x™") ~ N(0, Pl,) p(x) ~ N(0, P)

@ Single-letter and multiletter capacity expression are equal

@ Gaussian inputs are optimal for the Gaussian channel

J
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Preliminaries Counterexample Better Use Single-Letter vs Multiletter Problem Setup

Introduction

\ @
N

N 7
N

' ~N
. - .

Two-User Interference Channel (IC)

capacity region
e multiletter: is known [Ahlswede 1973]

@ single-letter: is not known, in general
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Preliminaries Counterexample Better Use Single-Letter vs Multiletter Problem Setup

Channel model

Discrete memoryless interference channel (DM-IC)

My X7 Yy .
‘Source 1’—-{ Encoder 1 }—' My

p(y1, ya|x1, x2)

M X3 Yy N
‘Source 2’—2>{ Encoder 2 }—2> 2 M,

Limiting/multiletter capacity expression

L Ri < SI(XT5 YY)
Cic = lim co U { Ry < Li(Xp: v ,
x5 n

n—o0
p(x7")p(

where co(-) denotes the convex hull. [Ahlswede 1973]
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Preliminaries Counterexample Better Use Single-Letter vs Multiletter Problem Setup

Limiting capacity expression

The above limiting capacity expression

@ is computationally excessively complex
@ does not provide any insight into how to best code

@ does not give a hint about optimal input for the Gaussian
channel
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Preliminaries Counterexample Better Use Single-Letter vs Multiletter Problem Setup

Limiting capacity expression

The above limiting capacity expression

@ is computationally excessively complex
@ does not provide any insight into how to best code

@ does not give a hint about optimal input for the Gaussian
channel

V.

Can we limit the inputs of the limiting capacity to be Gaussian to
compute the capacity region of the Gaussian interference channel

<
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Gaussian One-Sided IC

XY

Yy = X1 ++VaXo + Z1,
Yo = Xo + 2o,

and input / is subject to an average power constraint P;
E(|X[?) < Py, i =1,2.
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Inner bound

Time-sharing: (Ri1, Re1) and (Ri2, R22) are achievable =
7'1(R11, R21) + 7'2(R12, R22) is achievable, for any 7 + T = 1. J
| 1 2
(Ri1, Ro1) (R12, R22)

(R1, R2) = 11(Ri1, Ro1) + m2(Ri2, Ro2)

Achievability

@ Time-sharing in two dimensions
e Han-Kobayashi (HK) during 7 fraction of channel uses

@ Single-user transmission during 7 (Rp1 = 0)
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Inner bound

The set of non-negative (R1, R) satisfying

Ry < 1R,
R < 11 Ro1 + mRa,

in which P,

Ri1 < 7(#&1%),

af31Pay
1+ %1 + af1Pa
Roo < v(P22),

Ro1 < 7( ) + v(B1P21),

is achievable for the one-sided Gaussian interference channel where
Ti+ 7 =1 TPy +17Px=P,0<p; <1 and 51 =1- 5.
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Inner bound

Weighted sum-rate

pR + Ro = 1 (uR11 + Ro1) + ™R
P, ~
= a1 Py
<nlm(2m) +( )
it 1+ aB1Po 7 1+’:—11+361P21

+ 7(51/321)} + %w(Pz—%—?Pm),

inWhiChOSTlﬁl,0§51§1,and0§P21§’:—12.
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Outer bound

From limiting capacity expression we have

1
HRy+ Ry < — [l (X0 YD) + 10X V)],

for some p(x{')p(x4), when n — oo.

We let

p(Xln) ~ N(Oa Kl)a p(XZn) ~ N(Oa K2)a
tr(KXIn) < nPyq, tr(len) < nP;.
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Outer bound

From limiting capacity expression we have

1
HRy+ Ry < = [l YT) + 104G 3],

n

for some p(x{')p(x3), when n — oo.

We let
p(x) ~N(0,K1),  p(x3) ~ N(0, K2),
tl"(KXIn) < nPyq, tI‘(len) < nP;.
Py
5

) + V(Pé)} + @(Lﬁpé),

MR1+R2§§[/W( g

1+ aPj

inwhich0<¢<1,&=1-¢ and 0< Py < Py.
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Comparison

15

nner bound
Outer bound

0.5

Figure: The inner and the outer bounds for a=10.6, Py =7 and P, = 7.
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Remarks

@ In the multiletter capacity of the IC, we cannot limit the
inputs to Gaussian for Gaussian IC

@ This does not imply that Gaussian inputs are not
capacity-achieving for the Gaussian IC

@ We may still find single-letter or a different multiletter
expression the Gaussian IC in which Gaussian inputs are
optimal (see [Cheng and Verdi 1993] for the MAC).
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Preliminaries Counterexample Better Use Channel model Inner bound Outer bound Comparison

Remarks

@ In the multiletter capacity of the IC, we cannot limit the
inputs to Gaussian for Gaussian IC

@ This does not imply that Gaussian inputs are not
capacity-achieving for the Gaussian IC

@ We may still find single-letter or a different multiletter
expression the Gaussian IC in which Gaussian inputs are
optimal (see [Cheng and Verdi 1993] for the MAC).

Can multiletter expression still be useful? Yes! if we can find a
single letter expression or a multiletter expression for which
Gaussian inputs are optimal.
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Preliminaries Counterexample Better Use Simplify It Find its Optimal Inputs

How to better use the multiletter expression?

@ Manipulate it to get a single-letter expression (e.g., IC in the
strong interference [Costa and A. EI Gamal 1987])

| =

1
Ru+ Ra < ~I(XJ5 Y7) + ~1(X8: Y3)
n

A
N

n n n 1 n n
I(X{; Y1 |X2)+;I(X2? Yy')

—~
o
-~

[N
l—l:\l—ls\l—‘B

1
I(XT3 Y2 1X9) + — (X3 V7))
n

C

]

Z X].H X211 Y2I)

(a) is due to the independence of X[ and XJ
(b) from the strong IC condition /(X1; Y1|X2) < I(X1; Ya|X2)
(c) by the memoryless property of the channel, and
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Preliminaries Counterexample Better Use Simplify It Find its Optimal Inputs

How to better use the multiletter expression

@ We can write the multiletter expression as

H 1 n, n n, n
pRi+ Ry < lim U ;[M/(X11Y1)+/(X21Y2)}7
P(x{)p(x3)

or equivalently,
HRy + Ry < — [l (X5 YT) + (X5 Y3)]

[h(X{ + VaX] + Z) — ph(vaX3 + Z7)

S|k |

1
+ h(X3 +2Z§) = h(Z5)] 2 ~Uo.

and find the optimal input for all u.
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Preliminaries Counterexample Better Use Simplify It Find its Optimal Inputs

Improving the Outer Bounds

Finding the optimal inputs for the pu-sum rate is not easy! Instead,
we may rewrite the terms inside the bracket as

W = U, + h(Z3)
— ph(X] +~/3XE + Z7) — uh(v/aXg + Z7) + h(XE + Z5)
and try to outer bound it.

@ First Outer bound (trivial!):

Uh(X] + V/aXg + Z7) —puh(v/axg + Z0) +h(X§ + Z3)
W1 W2 W3
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Preliminaries Counterexample Better Use Simplify It Find its Optimal Inputs

Improving the Outer Bounds

@ Second Outer bound:

uh(X} +v/aXJ + Zf') —uh(/axg + Z0) + h(X§ + Z§)

/ /

Wy Wa

© Third Outer bound (Conjecture!):
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Improving the Outer Bounds

@ Second Outer bound:

uh(X} +v/aXJ + Zf') —uh(/axg + Z0) + h(X§ + Z§)

/

Wy Wa

© Third Outer bound (Conjecture!):

h(X{ + VaX3 + Z7) +
Wy
(b= Dh(X] +vVaX3 + Z7) — ph(VaXj + Z7') + h(X] + Z7)
W
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Preliminaries Counterexample Better Use Simplify It Find its Optimal Inputs

Summary

@ Gaussian inputs are not sufficient to achieve the border of the
multiletter capacity of the IC

@ This does not imply that Gaussian inputs are not necessarily
capacity-achieving for the Gaussian IC

@ The multiletter capacity region still can be useful to improve
outer bound
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