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Abstract—Embedded systems are becoming increasingly
popular due to their widespread applications. Hard-
ware/software partitioning is becoming one of the most crucial
steps in the design of embedded systems. The costs and
delays of the final results of a design will strongly depend
on partitioning. In this paper, we propose an uncertain pro-
gramming model for partitioning problems. The delay related
constraints and the cost related objective are modeled by
uncertain variables with uncertainty distributions. We convert
the uncertain programming model to a deterministic model and
solve the converted model by an efficient heuristic method. We
propose a heuristic based on genetic algorithm and simulated
annealing to solve the problem near-optimally, even for quite
large systems. Experiment results show that the proposed
model and algorithm produce quality partitions.

Keywords-embedded system; hardware/software partition-
ing; uncertain programming; genetic algorithm; simulated
annealing.

I. INTRODUCTION

Embedded system typically consists of some software
components, and some hardware components implemented
with application specific accelerator circuits. This is benefi-
cial, because hardware will lead to faster speed with more
expensive cost while software will lead to lower speed with
cheaper cost. So, performance critical components can be
implemented in hardware and noncritical components can
be implemented in software. This kind of hardware/software
partitioning can find a good tradeoff between system per-
formance [1] and power consumption[2]. How to find an
efficient partition has been one of the key challenges in
embedded system design.

Traditionally, partitioning is carried out manually. The
target system is usually given in the form of a task graph,
which is usually assumed to be a directed acyclic graph
describing the dependencies among the components of em-
bedded system. Recently, complexity of partitioning arises
because more requirements on cost, power, and timing
performance have to be considered, and the structure of
modern embedded system is more complex.

Many efforts about how to apply search and optimization
methods to automate the partitioning task have been under-
taken. Some exact algorithms such as branch-and bound [3],
integer linear programming [4] and dynamic programming

[5] are appropriate approaches. Those algorithms have been
used for partitioning problem with small inputs successfully.
Because most formulations of partitioning problem are NP-
hard [6], those exact algorithms tend to be quite slow for
large system.

To overcome the drawback of exact algorithms, re-
searchers turn to more flexible and efficient heuristic algo-
rithms. Traditional heuristic algorithms are software-oriented
and hardware-oriented. The hardware-oriented algorithms
start with a complete hardware implementation, and then
iteratively move component to software until the given con-
straints are satisfied [7]. The software-oriented algorithms it
with the same manner [8]. Many general-purpose heuristic
algorithms are also utilized to solve the system partitioning
problem. Simulated annealing related algorithms [9], genetic
algorithms [10], tabu search and greedy algorithms [11]
have been extensively used to solve partitioning problem. In
addition to the general-purpose heuristic algorithms, some
custom heuristics, such as expert system [12] and GCLP
algorithm [13] are also appropriate for hardware-software
partitioning problem.

Most of the algorithms work perfectly within their own
co-design environments. But few algorithms address the
issue that we can not accurately determine the cost and
time of system components in the design stage. In order to
reflect real applications better, we take the above factors into
account. In this paper, we construct an uncertain program-
ming model for the partitioning problem based on a task
communication graph. The implementation cost, execution
time and communication time of components are modeled
to be uncertain variables with uncertain distributions. We
construct a mathematical model based on these uncertain
variables. Then, we can convert the uncertain programming
to a deterministic model and solve the converted model
with a heuristic. The proposed heuristic method incorporates
simulated annealing into genetic algorithm to improve the
accuracy and speed of original genetic algorithm. Generally
speaking, the main contributions of the work are : (1)
This is the first work on hardware/software partitioning
with uncertain metrics of components; (2) We propose an
enhanced genetic algorithm to solve the converted uncertain
mathematical model.
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The paper is organization as follows: some background on
the uncertainty theory and genetic algorithms are introduced
in Section II. The proposed uncertainty model for the
partitioning problem is presented in Section III. Section IV
presents the solution of the proposed model, including the
enhanced genetic algorithm. Empirical results are given in
Section V, and we conclude in Section VI.

II. BACKGROUND

A. Uncertainty Theory

Uncertainty theory was proposed and refined by Liu [14]
in 2007, based on his long-run research on Fuzzy theory.
Uncertainty theory has become an important branch of
mathematics and has been applied to scheduling, reliability
analysis, data mining and system control area. The first fun-
damental concept of the uncertainty theory is the uncertain
measure that is used to measure the belief degree of an
uncertain event. The second concept is the uncertain variable
used to represent imprecise quantities of uncertain events.
The third concept is the uncertainty distribution that is used
to describe uncertain variables in an incomplete but easy-
to-use way. The three basic concepts are defined using the
following notations: Γ is a nonempty set, L is a σ-algebra
over Γ, each element Λ in the σ-algebra L ia called an event.
It is necessary to assign each event Λ with a number M{Λ}
which indicates the belief degree of the event’s occurrence.

Definition 1 (Uncertain measure): A set function M
is called an uncertain measure if it satisfies the normality,
self-duality, and countable sub-additivity axioms.

M{Γ} = 1 normality

M{Λ}+M{Λc} = 1 duality

M{
∞⋃

i=1

Λ} ≤
∞∑

i=1

M{Λi} additivity

Definition 2 (Uncertain variable): If M is an uncertain
measure, the triple (Γ, L,Λ) is called an uncertain space.
An uncertain variable ξ is a measurable function from an
uncertain space to the set of real numbers.

Definition 3 (Uncertainty distribution): The uncertainty
distribution Φ of an uncertain variable ξ is defined by
Φ(x) = M{ξ ≤ x} for any real number x. Many special
uncertainty distributions and the corresponding properties
are listed in [14].

B. Genetic Algorithm

A genetic algorithm is a search heuristic that mimics the
process of natural evolution. The basic principles of genetic
algorithm were laid down by Holland [15], and have been
proved useful in a variety of search and optimization prob-
lems. Genetic algorithm simulates the survival-of-the-fitness
principle of nature. The principle provides an organizational
reproductive framework: starting from an initial population,
proceeding through some random selection, crossover and

mutation operators from generation to generation, and con-
verging to a group of best environment-adapted individuals.

• Selection is applied to the current generation to cre-
ate an intermediate generation. The probability that
the individual in current generation is copied to the
intermediate generation depends on its fitness. The
individual with greater fitness will be copied to the
intermediate generation with higher probability.

• Crossover takes two individuals from the intermediate
generation, and recombine the two individuals with
a probability Pc. The single point crossover method
cuts the two individuals’ encoding strings at some
chosen position, and swaps the tail segments of the
two strings.

• Mutation chooses an individual from the results of
the previous step, and alters one bit in the individual’s
encoding string with a low probability Pm. Then, the
final next generation is generated.

Then, we can evaluate individuals of the next generation
with the fitness function, deciding whether to stop or go
on performing the three operations. Finally, the algorithm
will return the best individual of the latest generation as the
solution of the problem.

C. Simulated Annealing

Simulated annealing algorithm is a generic probabilistic
meta-heuristic for the global optimization problem, locating
a good approximation to the global optimum of a given
function. It is proposed by Kirkpatrick [16], based on the
analogy between the solid annealing and the combinatorial
optimization problem. For each temperature value T , the
probability that the particles are allowed to be in a state r
satisfies the Boltzmann distribution:

P{E = E(r)} =
1

Z(T )
exp
(
− E(r)

kBT

)

Z(T ) =
∑

s∈D
exp
(
− E(s)

kBT

)

where E is a stochastic variable associated with the energy,
E(r) represents the energy, kB is the Boltzmann constant,
Z(T ) is the normalization factor of the probability distribu-
tion, and D is the neighborhood of state s.

Before the implementation of simulated annealing algo-
rithm, we need to choose an initial temperature. After the
initial state is generated, the two most important operations
can be performed:

• Generation is applied to generate the candidate of
the next state. There are many strategies for the
selection of next state. If the next state is chosen
from the neighborhood with equiprobable chance, the
generation probability Gij(T ) that state j is chosen as
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the next state of i is defined as:

Gij(T ) =

{
1/|N(i)| j ∈ N(i)
0 j 6∈ N(i)

where |N(i)| is all neighbors of state i.
• Acceptation decides whether to accept the new state

or not, according to the Metropolis rule. The accep-
tance probability is defined as:

Aij =

{
1 E(i) ≥ E(j)
exp(−a

Eij/T ) E(i) < E(j)

where
a
Eij equals to E(j)− E(i).

Then, the algorithm will reduce the value of the temperature.
The iteration process will stop until certain condition is met,
for example, a good approximation to the global optimum
of the given function has been found.

III. UNCERTAINTY MODEL AND FORMULATION

We can formalize the problem as follows. The com-
munication graph is denoted as G(V,E), where V is the
set of nodes {v1, v2 · · · vn} and E is the set of edges
{eij |1 ≤ i, j ≤ n}. We need to add cost values and
execution time to each node as well as communication cost
to each edge. The following notations are defined on V and
E:

1) ξhi denotes the cost of node i in hardware implemen-
tation.

2) Φh
ci is the linear uncertainty distributions of uncertain

variables ξhi , denoted by ζ(ahci, b
h
ci), where ahci, b

h
ci are

nonnegative real numbers. Φh
ci can be set as

3) thi denotes the execution time of node i in hardware
implementation, and tsi denotes the execution time of
node i in software implementation.

4) Φh
ti, Φs

ti are uncertain distributions of uncertain vari-
ables Th

i , T s
i , denoted by ζ(ahti, b

h
ti), ζ(asti, b

s
ti), where

ahti, b
h
ti, a

s
ti, b

s
ti are nonnegative real numbers.

5) cij denotes the communication time between node i,
j. The value of cij is given in the context that the two
nodes are implemented differently.

The partitioning problem is to find a bipartition P, where
P = (Vh, Vs) such that Vh

⋃
Vs = V and Vh

⋂
Vs = ∅. The

partitioning problem can be represented by a decision vector
x(x1, x2 · · ·xn), representing the implementation way of the
n task modules. When the value of xi is 0, the task module
will be implemented in hardware. When the value of xi is
1, the task module will be implemented in software. Then,
the objective of the problem is changed to search the n-
dimensional space to find the optimal value of the decision
vector.

First, let us consider the cost metric. If a given node is
partitioned to be in hardware implementation, the hardware
cost of the node is considered. Otherwise, the software cost
of the node is considered. Then, the total hardware cost
with respect to a dedicated partition can be calculated as

the sum of nodes in hardware implementation. The additive
calculation rule for resource consumption cost is reasonable
in most cases of the computation model. Based on the
definition of previous subsection, hardware cost H(x) of
the partition P (x) can be formalized as follow:

H(x) =
n∑

i=1

ξhi (1− xi)

Then, let us consider the time metric. It consists of two
parts: execution time of each node, and the communication
time between nodes. We give two reasonable assumptions to
go on our calculation: (1) the task module can not be pro-
cessed in parallel, and (2) the communication cost between
node i, j is 0 when the two nodes are partitioned into the
same implementation way. Based on the two assumptions,
the execution time Te(x), communication time Tc(x), and
the total time metric T (x) can be formalized as follows:

Te(x) =
n∑

i=1

tsixi + thi (1− xi)

Tc(x) =
n−1∑

i=1

n∑

j=i+1

cij [(xi − xj)2]

T (x) = Te(x) + Tc(x) (1)

The formulas defined above ensure that either hardware
execution time or software execution time is counted once.
The communication cost is accumulated when the value of
xi and xj are different from each other. When the values are
the same, the communication cost is ignored by multiplying
0.

Based on the formalization of the two metrics and the
given constraint M on execution time, the partitioning prob-
lem can be modeled as the following optimization problem:

P0 :





minimize H(x)
subject to T (x) ≤M

x ∈ {0, 1}n

We take a look at the objective and constraint function.
Both of them can be further simplified:

H(x) =
n∑

i=1

ξhi −
n∑

i=1

ξhi xi

T (x) = Tc(x) +

n∑

i=1

thi +

n∑

i=1

(tsi − thi )xi

Based on the simplified expressions, we note that minimiz-
ing the value of H(x) is equivalent to maximizing the value
of
∑n

i=1 hixi. Hence, the solution of the problem P0 is equal
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to the problem P1 presented below.

P1 :





maximize
n∑

i=1

ξhi xi

subject to
n−1∑
i=1

n∑
j=i+1

cij [(xi − xj)2)]+

n∑
i=1

(tsi − thi )xi ≤M −
n∑

i=1

thi

x ∈ {0, 1}n

Then, we convert the optimal model with uncertain
variables to a deterministic model. The template for the
conversion is presented below:




max f(x, ξ)
subject to :

gj(x, ξ) ≤ 0



→





max E[f(x, ξ)]
subject to :

M{gj(x, ξ) ≤ 0} ≥ a





where a is the confidence level that the constraint holds.
More details about the conversion model can be found in
[14], [17]. Based on the details of the conversion rules and
theorems proposed by Liu, the uncertain optimal problem P1

can be converted. In the modeling and conversion process,
we deal with most of the uncertain effects, such as different
implementation cost, implementation related execution time
and communication time.

IV. ALGORITHM

In this section, we propose an algorithm to solve the
partitioning problem P1 based on genetic algorithm and
simulated annealing algorithm. We find that the special
case of problem P1 (ignoring the communication cost)
can be solved by efficient greedy based algorithm. Genetic
algorithm has been applied to solve the general partitioning
problem in [18] and the results show that the algorithm
provides near-optimal solution for large size of problems.

We note that the genetic algorithm has a strong global
search capability, while the simulated annealing algorithm
will fail into a local optimal solution easily. Hence, we
can incorporate simulated annealing algorithm into genetic
algorithm. The combined algorithm will provide more ac-
curate near-optimal solution with faster speed. The over-
all methodology of the proposed combined algorithm is
illustrated in Fig. 1. The methodology starts with a set of
initial arbitrary individuals and a certain temperature. In each
iteration, fitness of each individual is evaluated. Termination
conditions such as generation number limit and convergence
of algorithm to a predefined fitness value are checked. If the
conditions are not met, the selection, incorporated crossover
with Metropolis criterion, and incorporated mutation crite-
rion with Metropolis criterion are performed to generate the
next generation. The new generation and the temperature
will be reevaluated until the termination conditions are met.
The detail of the algorithm is shown in Algorithm 1.

The steps 1-4 are the initialization of parameters and
solution of the partition problem. The step 5 is used to check

Figure 1. Main procedures for the combined algorithm

Algorithm 1 Combined heuristic algorithm
1: Encode the parameters and solution for the partitioning problem;
2: Initialize the first generation P0, temperature T0, annealing ratio α;
3: Calculate the fitness of each individual in P0;
4: Copy the individual with the highest fitness to the solution;
5: while (termination conditions) do
6: while (number of individuals ≤ number of the generation size) do
7: Select two individuals (g1, g2) from the current generation;
8: Perform crossover on (g1, g2) to produce two new individuals (g

′
1, g

′
2); /* start of annealing-crossover*/

9: if (max{fitness(g
′
1), fitness(g

′
2)} ≤ max{fitness(g1), fitness(g2)}) then

10:
�

C = max{fitness(g
′
1), fitness(g

′
2)} - max{fitness(g1), fitness(g2)};

11: if (min{1, exp(-
�
C/Tk)} ≥ random[1, 0)}) then

12: Accept the crossover;
13: else
14: Reject the crossover with g

′
1 = g1, g

′
2 = g2;

15: end if
16: else
17: Accept the crossover;
18: end if /* end of annealing-crossover*/
19: Perform mutation on g

′
1 to produce ng1; /* start of annealing-mutation*/

20: if (fitness(ng1) ≤ fitness(g,1)) then
21:

�
C = (fitness(ng1) - fitness(g,1));

22: if (min{1, exp(-
�

C/Tk)} ≥ random[1, 0)}) then
23: Accept the mutation;
24: else
25: Reject the mutation, ng1 = g

′
1;

26: end if
27: else
28: Accept the mutation;
29: end if /* end of annealing-mutation*/
30: Perform step 19-29 on g

′
2 to produce ng2;

31: end while
32: Calculate the fitness of each individual in current generation;
33: if (the highest fitness of the current generation ≥ fitness(solution)) then
34: Copy the individual with the highest fitness to the solution;
35: end if
36: Reduce the temperature and increase the generation number;
37: end while
38: return solution: x[i], i ∈ [1, n];

• For all i ∈ [1, n]: ahci is randomly generated in [1, 100]
and bhci is randomly generated in [ahci, 100].

• For all i ∈ [1, n]: ahti is randomly generated in [1,
100] and bhti is randomly generated in [ahti, 100]; asti
is randomly generated in [1, 100] and bsti is randomly
generated in [asti, 100].

• cij is randomly generated in [1, 100].
• M is a randomly given time constraint between

[
∑n

1 a
h
ti,

∑n
1 b

s
ti].

After the parameters are initialized, the optimal solution
of those instances can be obtained by the exact algorithms
presented in the introduction section. Therefore, the per-

formance of the algorithm can be easily determined. We
simulate the proposed algorithm with the configure: the
upper bound of the iterations equals to five times of the
number of the task modules, the initial temperature equals
to 10, and annealing ratio equals to 0.8, and the termination
conditions is no better solution obtained. The simulation
results of the proposed algorithms as well as the original
genetic algorithm are presented in the TABLE I. Each
instance is tested for 30 times and the average values are
presented.

As shown in the experiment results, we can find that the
original genetic algorithm needs more time, which means

Figure 2. ALGORITHM 1: Combined heuristic algorithm
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whether the termination condition of the propagation is met
or not. The step 6 is used to ensure that the number of indi-
viduals of the next generation is not reduced. The annealing-
crossover and annealing-mutation operations are performed
in this iteration block to produce individuals of the next
generation. Let us see the two operations in detail. The
steps 8-18 are the original crossover operation incorporated
with the Metropolis of annealing algorithm. The key idea is
that when the original crossover operation produces better
individuals, the crossover operation is accepted. Otherwise,
we will accept the new individuals as the candidates of
next generation with the Metropolis criterion. The steps 9-
29 are the original crossover operation incorporated with
the Metropolis of annealing algorithm. The key idea is the
same as annealing-crossover. The modified genetic operators
ensure that the next generation is better than the current gen-
eration with the accept rules based on fitness and Metropolis
criterion. Those accept rules speed up the convergence of
the solution process without lossy of accuracy. The steps
32-36 are the update of solution, generation number and
temperature.

V. EMPIRICAL RESULTS

The proposed algorithm has been implemented in C. We
test the algorithm on Intel i5 2.27GHZ PC. In order to
demonstrate the effectiveness of the proposed algorithm,
we compare it with dynamic programming PACE [19], [20]
and genetic algorithm GA [18]. For testing, several random
instances with different nodes and metrics are utilized. The
parameters of each node are generated with the following
rules, which are consistent to [18]:

• For all i ∈ [1, n]: ahci is randomly generated in [1, 100]
and bhci is randomly generated in [ahci, 100].

• For all i ∈ [1, n]: ahti is randomly generated in [1,
100] and bhti is randomly generated in [ahti, 100]; asti
is randomly generated in [1, 100] and bsti is randomly
generated in [asti, 100].

• cij is randomly generated in [1, 100].
• M is a randomly given time constraint between

[
∑n

1 a
h
ti,

∑n
1 b

s
ti].

After the parameters are initialized, the optimal solution
of those instances can be obtained by the exact algorithms
presented in the introduction section. Therefore, the per-
formance of the algorithm can be easily determined. We
simulate the proposed algorithm with the configure: the
upper bound of the iterations equals to five times of the
number of the task modules, the initial temperature equals
to 10, and annealing ratio equals to 0.8, and the termination
conditions is no better solution obtained. The simulation
results of the proposed algorithms as well as the original
genetic algorithm are presented in the TABLE I. Each
instance is tested for 30 times and the average values are
presented.

As shown in the experiment results, we can find that the
original genetic algorithm needs more time, which means
more iterations to meet the termination conditions. Further
more, the accuracy of the near-optimal solution get by the
incorporated algorithm is higher. It is reasonable to draw
the conclusion that our proposed algorithm produces high
quality approximate solution, and generates the solution with
faster speed.

VI. CONCLUSION
In this paper, we build a communication graph for the

partitioning problem, and construct an uncertain program-
ming model to capture real-world applications for parti-
tioning. Since the resource cost and the execution time
of components in different implementations can not be
characterized exactly at the design stage, we model them
as uncertain variables with uncertainty distributions. Timing
constraints and cost objective functions are defined on
those uncertain variables. Then, we convert the uncertain
programming model to a deterministic model and solve it
with a heuristic based on genetic algorithm and simulated
annealing. The proposed heuristic method incorporates sim-
ulated annealing into genetic algorithm. Those incorporated
accept rules based on fitness and Metropolis criterion speed
up the convergence of the solution process without lossy of
accuracy. We also conduct some experiments to demonstrate
the effectiveness of the proposed model and algorithms.
Further more, this is the first work on hardware-software
partitioning problems considering uncertain metrics. And in
the future, we want to focus on the algorithm aspect of the
uncertain partitioning model, doing some improvements of
the presented algorithm to get higher accuracy.
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