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Complex Numbers

A complex number z represented in
the two-dimensional real plane, i.e.,
z � x � jy

x � Re�z� � real part of z
y � Im�z� � imaginary part of z
j �

º
�1

x, y > R but z > C

A complex number z can be seen as a two-dimensional real vector
Rectangular coordinates: real and imaginary components; z � x � jy
Polar coordinates: magnitude and phase components; z � rejθ

where r � SzS �»
x2
� y2 and θ ��z � tan�1 y

x

Euler’s formula: relates the rectangular and polar forms of a complex
number

ejθ � cos θ � j sin θ
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Coordinate Conversion
Polar Ð� Rectangular:

¢̈̈̈
¦̈̈̈
¤
x � r cos θ

y � r sin θ

Example: Convert z � 2ej 5π
3 to rectangular form.
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Coordinate Conversion

Rectangular Ð� Polar:

r �
»
x2
� y2

θ � tan�1 y

x
�

¢̈̈̈̈
¨̈¦̈̈̈
¨̈̈¤

arctan y
x

if x C 0 �quadrants I, IV�
π � arctan y

x
if x @ 0,y A 0 �quadrant II�

�π � arctan y
x

if x @ 0,y @ 0 �quadrant III�
note that your calculator returns arctan
for any α, arctan�α� returns values in the interval ��π2 , π2 �
Matlab command for arctan is atan(y/x)
Matlab command atan2(y,x) returns the four-quadrant inverse tangent
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Coordinate Conversion Using Calculator

Rectangular Ð� Polar:
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Coordinate Conversion: Examples

Example: Find the polar form of the following complex numbers.

z1 � 3 � 3j

z2 � �3 � 3j

z3 � �3 � 3j

z4 � 3 � 3j
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Complex Numbers Operations

Rectangular Polar
complex number z � x � jy z � rejθ

complex conjugate z� � x � jy z� � re�jθ

addition z1 � z2 � �x1 � x2� � j�y1 � y2� /

subtraction z1 � z2 � �x1 � x2� � j�y1 � y2� /

multiplication / z1z2 � r1r2e
j�θ1�θ2�

division /
z1
z2

�
r1
r2
ej�θ1�θ2�

nth power / zn � rnejnθ

nth root /
n
º
z � n

º
rej

θ�2πk
n
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Complex Numbers: Examples

Example: Consider the complex numbers z1 � 1�j and z2 � 2e�j π6 .
Find z1 � z2, z1z2, and z1

z2
. Also, specify z�1 and z�2

For complex addition, rectangular form is more convenient:

z2 � 2�cos��π
6
� � j sin��π

6
�� �º3 � j

z1 � z2 � �1 � j� � �º3 � j� � 1 �
º

3

For complex multiplication/division, polar form is more convenient:
z1 � 1 � j �

º
2ej π4 � z�1 � 1 � j �

º
2ej �π4

z1z2 � �º2ej
π
4 ��2e�j π6 � � 2

º
2ej�

π
4 �

π
6 �

� 2
º

2ej
π
12

z1

z2
�

º
2ej π4

2e�j π6
�

º
2

2
ej�

π
4 �

π
6 �

�

º
2

2
ej

5π
12
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Complex Numbers: Examples

Multiplication/division, using rectangular form:

z1z2 � �1 � j� � �º3 � j� �º3 � j �
º

3j � 1 � �º3 � 1� � �º3 � 1�j
z1

z2
�
z1z

�

2
z2z�2

�
z1z

�

2Sz2S2 �
�1 � j��º3 � j�

22 �

º
3 � 1
4

� j

º
3 � 1
4
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Complex Numbers: Examples

Example: Evaluate z2 and
º
z where z �

º
3 � j.
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Complex Functions

A complex function z�t� � x�t� � jy�t�, similar to a complex number,
has real �x�t�� and imaginary �y�t�� parts.
x�t� and y�t� are both real functions while z�t� > C

Again rectangular and polar coordinates can be used to represent z�t�
Rectangular: real and imaginary components; z�t� � x�t� � jy�t�
Polar: magnitude and phase components; z�t� � Sz�t�Sej�z�t�
where

Sz�t�S �»
x�t�2

� y�t�2

�z�t� � tan�1 y�t�
x�t�
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Complex Functions: Example

Example: Determine the magnitude and phase of the following com-
plex function

f�t� � t � 1 � j sin 5t.

The real and imaginary part of this complex signal are
x�t� � t � 1 and y�t� � sin 5t.

Thus,

Sz�t�S �»x�t�2
� y�t�2 �

¼�t � 1�2
� sin2 5t

�z�t� � tan�1 y�t�
x�t� � tan�1� sin 5t

t � 1
�

For every value of t, the complex function becomes a complex number.
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Complex Functions

Example: complex sinusoid z�t� � Aej�ωt�φ�

z�t� � Aej�ωt�φ�
� A cos�ωt � φ� � jA sin�ωt � φ�

Rectangular: real = A cos�ωt � φ�
imaginary = A sin�ωt � φ�

Polar:
magnitude = Sz�t�S � SAS
phase = �z�t� � ωt � φ
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Example: Complex Sinusoid: z�t� � Aej�ωt�φ�

Complex Numbers Review

Complex Functions

The same coordinate systems exist for complex functions.

For x(t) ∈ C:

1. rectangular: x(t) = xR(t) + jxI (t)

2. polar: x(t) = |x(t)|e j∠x(t)

Note: This means that two graphs are required to plot a complex
function x(t):
(i) xR(t) vs. t and xI (t) vs. t, OR
(ii) |x(t)| vs. t and ∠x(t) vs. t.

Professor Deepa Kundur (University of Toronto) Complex Numbers Review 13 / 17

Complex Numbers Review

Example: x(t) = Ae j(ωt+φ)

Rectangular:

x(t) = Ae j(ωt+φ)

= A cos(ωt + φ) + jA sin(ωt + φ)

real = xR(t) = A cos(ωt + φ)

imaginary = xI (t) = A sin(ωt + φ)

Professor Deepa Kundur (University of Toronto) Complex Numbers Review 14 / 17

Complex Numbers Review

xR(t):

0

t

xI (t):

0

t

Professor Deepa Kundur (University of Toronto) Complex Numbers Review 15 / 17

Complex Numbers Review

Polar:

x(t) = Ae j(ωt+φ)

magnitude = |x(t)| = A

phase = ∠x(t) = ωt + φ

Professor Deepa Kundur (University of Toronto) Complex Numbers Review 16 / 17

(a) Rectangular

Complex Numbers Review

|x(t)|:

t

A

∠x(t) (for φ = 0 and ω > 0):

t

�
Professor Deepa Kundur (University of Toronto) Complex Numbers Review 17 / 17(b) Polar

real = A cos�ωt � φ� magnitude = Sz�t�S � A
imaginary = A sin�ωt � φ� phase = �z�t� � ωt � φ
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Basic Trigonometric Identities

In a unit circle

sinα

cosα�1 �
1
2

1

�1

�
1
2

1
2

1
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Basic Trigonometric Identities

Opposite Angles
sin��α� � � sinα
cos��α� � cosα
tan��α� � � tanα

Complementary Angles
sin�π2 � α� � cosα
cos�π2 � α� � sinα
tan�π2 � α� � cotα

Supplementary Angles
sin�π � α� � sinα
cos�π � α� � � cosα
tan�π � α� � � tanα
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Basic Trigonometric Identities

Homework Question: Knowing that

sin�α � β� � sinα cosβ � cosα sinβ

and

cos�α � β� � cosα cosβ � sinα sinβ

evaluate the followings:

sin�α � β� and cos�α � β� (Difference of Angles)

sin 2θ and cos 2θ in terms of sin θ and cos θ (Double Angles)

sin 3θ and cos 3θ in terms of sin θ and cos θ (Triple Angles)

sin2 θ and cos2 θ in terms of cos 2θ

cos3 θ in terms of cos θ and cos 3θ; and similarly for sin3 θ
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Maclaurin’s Series
Maclaurin’s series is a representation of a function as an infinite sum of
terms about 0.
The Maclaurin’s series of a real or complex-valued function f�x� is the
power series

f�x� � f�0� � f ��0�
1!

x �
f ���0�

2!
x2
�

f ����0�
3!

x3
��

where n! denotes the factorial of n.

Example:

eθ � 1 � θ � θ
2

2!
�

θ3

3!
��

sin θ � θ � θ
3

3!
�

θ5

5!
�

θ7

7!
��

cos θ � 1 � θ
2

2!
�

θ4

4!
�

θ6

6!
��

Lecture 2: Math Review 2-22



Blank Page: Maclaurin’s Series

Lecture 2: Math Review 2-23



Appendix: More Trigonometric Identities

Sum of Angles
sin�α � β� � sinα cosβ � cosα sinβ
cos�α � β� � cosα cosβ � sinα sinβ

Difference of Angles
sin�α � β� � sinα cosβ � cosα sinβ
cos�α � β� � cosα cosβ � sinα sinβ

Product-Sum Identities
sinα � sinβ � 2 sin α�β

2 cos α�β2
cosα � cosβ � 2 cos α�β2 cos α�β2
sinα � sinβ � 2 sin α�β

2 cos α�β2
cosα � cosβ � 2 sin α�β

2 sin α�β
2

Product Identities
sinα sinβ �

1
2 �cos�α � β� � cos�α � β��

sinα cosβ �
1
2 �sin�α � β� � sin�α � β��

cosα cosβ �
1
2 �cos�α � β� � cos�α � β��
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Proving Sum/Difference Identities

We can use complex numbers multiplication and Euler’s formula to derive
various well-known trigonometric identities involving sines and cosines.

Question 1: Find sin�θ1 � θ2� and cos�θ1 � θ2�.

Question 2: What is sin π
12 and tan 5π

12 ?
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